We study compatible families of four-dimensional Galois representations constructed in theétale cohomology of a smooth projective variety. We prove a theorem asserting that the images will be generically large if certain conditions are satisfied. We only consider representations with coefficients in an imaginary quadratic field. We apply our result to an example constructed by Jasper Scholten (see [Sc]), obtaining a family of linear groups and one of unitary groups as Galois groups over Q.
Introduction
In this article we study geometric compatible families of four-dimensional Galois representations with coefficients in a quadratic imaginary field K and their images. We will assume that the representations have four different Hodge-Tate weights. After introducing some of the main tools, we study all possible types of residual image and show that, under certain conditions, the residual images, and the images themselves, of these geometric representations are "as large as possible" for almost every prime (i.e., for all but finitely many primes): a linear or a unitary group, depending on the decomposition type of the prime in K. Then, we do explicit computations for one example constructed by J. Scholten and we bound the finite exceptional set, i.e., the set of primes where the image is not "as large as possible" with an explicit small density set of primes. Furthermore, we prove that this example verifies all conditions of the result of the previous section and, as a consequence, for this example the images are "as large as possible" for almost every prime. We stress the consequences of these results for Inverse Galois Theory. Results of generically large images similar to the one obtained in this article were obtained by the authors in [D-V] for compatible families of threedimensional Galois representations. The first large image result of this kind was obtained by Serre for the case of elliptic curves without Complex Multiplication (cf. [S1] ). Serre also obtained a large image result for the four-dimensional Galois representations attached to abelian surfaces with trivial endomorphism ring (cf. [S2] ), in his result he considers only symplectic representations (he can do this by reducing to the case of principally polarized abelian varieties), while we will work with four-dimensional representations which are not symplectic. The first author also proved a large image result for the case of four-dimensional Galois representations attached to genus two Siegel modular forms (cf. [D1] ), but in that case he also restricts to symplectic representations.
Geometric representations
A compatible family of geometric four-dimensional λ-adic Galois representations was constructed by Scholten (see [Sc] ), we will recall this construction in section 7. In this section we will describe a fairly general class of compatible families of 4-dimensional Galois representations containing the one constructed by Scholten, all the results in this article hold for any family in this class. Let us start with a smooth projective variety S defined over Q and we consider the action of G Q on the groups H 3 (S) ℓ := H 3 et (SQ, Q ℓ ). Let N be the product of the primes of bad reduction of S. This gives a compatible family of Galois representations unramified at primes not dividing N. Let K be an imaginary quadratic field, which for simplicity (and according to the construction in section 7) we will assume from now on to be Q(ζ), where ζ is a cubic root of unity.
Assume that the Galois representations on H 3 (S) ℓ ⊗ Q ℓ K ℓ are all reducible, and they contain as subrepresentations a compatible family {σ S,λ } of λ-adic 4-dimensional Galois representations, with λ prime in K dividing ℓ. For this family it also holds that the ramification set is (at most) the set of prime factors of N. We will assume that the traces at Frobenius elements of these 4-dimensional Galois representations, which lie all in K, generate K (i.e., that they are not all rational integers). We will also assume that these representations have four different Hodge-Tate numbers: {0, 1, 2, 3}, and that the determinant of each σ S,λ is just χ 6 , where χ denotes the ℓ-adic cyclotomic character (this last condition can always be satisfied after twisting by a suitable Dirichlet character unramified outside N).
Thus, the families we are considering can be shortly described as Galois representations associated to a pure motive defined over Q with coefficients in a quadratic field K and Hodge-Tate numbers {0, 1, 2, 3} (purity follows from Deligne's proof of the Weil's conjectures), with the simplifying assumptions that K = Q(ζ) and the determinants are just χ 6 .
From the compacity of G Q and the continuity of the representations σ S,λ , it follows that (after a suitable conjugation) we can assume that the images are contained in GL(4, O λ ), where O denotes the ring of integers of K. This implies that we can consider the residual representationsσ S,λ with values in GL(4, F λ ), obtained by composing σ S,λ with the naive map "reduction modulo λ".
Observe that from purity it follows that if we denote by a p the trace of the characteristic polynomial of σ S,λ (Frob p) for any prime p of good reduction (and p = ℓ), it holds:
The characteristic polynomials of σ S,λ (Frob p) (p ∤ ℓN) will be denoted
The particular form of these polynomials follows, as is well known, from purity. Recall that the values a p generate K.
We will also assume (once again, this property holds in Scholten example) that all quadratic coefficients b p are rational integers.
Remark: We require that the traces at Frobenius elements generate K, an imaginary quadratic field, because in the opposite case, if all traces are real, the representations would be self-dual, thus for all primes λ the images would not be "as large as possible" (in fact, the images would be contained in an orthogonal group). Observe that even with the assumption that the traces generate K, the particular form of the characteristic polynomials in ( * ) (together with Cebotarev density theorem) imply that for any prime λ inert in K the image of σ S,λ will be contained in the unitary group GU(4, Z ℓ ).
By conductor of the representations σ S,λ , cond(σ S,λ ), we mean the prime-to-ℓ part of the Artin conductor. It is known that the conductor of the representations σ S,λ is bounded independently of ℓ, because the representations are constructed from a smooth projective variety. This follows from Deligne's corollary to the results of de Jong (cf. [Be] , Proposition 6.3.2). We will denote by c := l.c.m.{cond(σ S,λ )} λ , this finite uniform bound, and we will call it "conductor of the family of representations".
3 Classification of subgroups of GL(4, q)
The classification of the maximal subgroups G, up to conjugation, of GL(4, p t ) can be derived from the results in Kleidman and Liebeck (cf. [K-L] ), as done in [K] and in [N-P], pag. 592 (see also , pags. 173 to 177). We will only consider the case t = 1 or 2. In the following proposition, we are also using, for t = 2, the classification of maximal proper subgroups of GU(4, p t ) (also done in [K] (8)) and G does not fall in any of cases (1) to (7), then SU(4, p) ⊆ G ⊆ GU(4, p).
Comparison ofÉtale and Crystalline cohomologies and the action of inertia
As a consequence of the result of Fontaine-Messing in [F-M] giving a (canonical, functorial) isomorphism between theétale cohomology and the crystalline cohomology for a variety S having good reduction at ℓ and with dim(S) < ℓ, the following theorem, conjectured by Serre in [S2] , holds:
andṼ the semisimplification of V /ℓV with respect to the action of I = I ℓ . Then, if dim(S) < ℓ and S has good reduction at ℓ, the action of I on each irreducible component M ofṼ is given by a character Ψ :
with Ψ f fundamental character of level n and the exponents verify:
Moreover, since we know that the Hodge-Tate numbers of our family of fourdimensional representations are {0, 1, 2, 3}, if ℓ > 3 we can be more specific (cf. [F-L], theorem 5.3): the digits d i appearing in the exponents above (for M ranging over all irreducible components) must agree with the HodgeTate numbers. For example, ifṼ has, with respect to the action of I ℓ , an irreducible component M 1 of dimension one and another M 2 of dimension three, then the action on M 1 is given by χ a , and the action on M 2 by ψ b+cℓ+dℓ 2 3 , and it must hold: {a, b, c, d} = {0, 1, 2, 3}. Now that we know that the exponents of the action of I ℓ through fundamental characters are fixed, observe that there are many possibilities for this action since it will depend on the dimension of the irreducible components, and also on permutations of the four exponents. Nevertheless, it is easy to see that in any case the image of inertia can not be too small. More precisely, an easy computation gives the following: 
Determination of the images of the geometric Galois representations
We will consider a geometric compatible family of four-dimensional Galois representations σ S,λ as the one described in section 2. We will prove that the image of the residual Galois representation is a linear group for almost every prime decomposing in Q(ζ), i.e., ℓ ≡ 1 (mod 3), and a unitary group for almost every inert prime ℓ ≡ 2 (mod 3), whenever certain general conditions that we will describe later are satisfied.
Reducible representations

With a one dimensional component
Recall that N denotes the product of the primes of bad reduction of S.
Suppose that ℓ is a prime not in S, ℓ > 3, such thatσ S,λ is reducible (not necessarily over the residue field F λ ) with a one dimensional component. In this case there is a character µ unramified outside Nℓ with image inF *
, for every p ∤ ℓN. Let I := I ℓ . Using the description ofσ S,λ | I we know that µ = χ i ε, with χ the mod ℓ cyclotomic character, i = 0, 1, 2, 3 and ε a character unramified outside N. Clearly, cond(ε)|cond(σ S,λ )|c. Using the description ofσ S,λ | I we can also see that reducibility must necessarily occur over F λ . If not, there should be (at least) two one dimensional components, being each conjugate of the other by some element of Gal(F λ /F λ ). But on the other hand, lemma 4.2 implies that the restriction of these two one-dimensional components to I must give two different powers χ i and χ j of the cyclotomic character; if they where Galois conjugated we would conclude that i = j which is a contradiction. Thus, the character ǫ has image contained in F * λ .
At this point, we are led to introduce the following:
Condition 1): Assume that there exists a prime p not in S such that none of the roots of P ol p (x), the characteristic polynomial of σ S,λ (Frob p), is a number of the form ηp i , where η denotes an arbitrary root of unity and i ∈ {0, 1, 2, 3}.
Under condition 1, we prove that there is a finite number of primes λ such that the residual mod λ representation is reducible with a one dimensional component µ λ = ε λ χ i . Assume on the contrary that this is the case for an infinite set of primes Λ. Since the characters ε λ appearing in the one dimensional components of all these residual representations will have their conductors uniformly bounded by c, we can assume (by restricting to some infinite subset Λ ′ of Λ) that there is a fixed character ǫ of conductor dividing c with values in C * such that the reduction of ǫ modulo λ gives ε λ , for every λ ∈ Λ ′ . Of course, we can also assume (shrinking Λ ′ if necessary) that the exponent of the cyclotomic character in µ λ is independent of λ ∈ Λ ′ . Now take p a prime as in condition 1), and if necessary delete p from Λ ′ . Then, for every λ ∈ Λ ′ the polynomial P ol p (x) (which is independent of λ) when reduced modulo λ has the reduction of ǫ(p)p i modulo λ as a root. Let d be the order of ǫ(p). Then the above congruences implies that the resultant of the polynomials P ol p (x) and x d −p id is divisible by λ, for every λ in Λ ′ : Thus, since this set of primes is infinite, we conclude that the resultant is 0, and that the polynomial P ol p (x) has a root of the form: p i · root of unity, contrary to condition 1). This proves the finitude of the primes in the residual reducible case with one dimensional component, assuming condition 1).
With two two-dimensional irreducible components
This case can be treated in a similar way that the previous one, but considering the exterior power ρ λ := ∧ 2 (σ S,λ ). The determinant of the twodimensional irreducible components ofσ S,λ give rise to one dimensional components ofρ λ . Using the information of the action of I given in lemma 4.2, we see that a one dimensional component ofρ λ must be of the form εχ i , with the conductor of ε dividing c and the exponent i ∈ {1, 2, 3, 4, 5}. Again, using the restriction to I one can easily see that the irreducible components can not be conjugated to each other, and so they must necessarily be defined over F λ . In particular, the image of ε must be contained in F * λ . Remark: Observe that, since we have shown that reducibility must necessarily occur over the field of definition, this eliminates case 3) of the classification given in section 3.
The natural condition to control this case is the following:
Condition 2): Assume that there exists a prime p not in S such that none of the roots of Q p (x), the characteristic polynomial of ∧ 2 (σ S,λ )(Frob p), is a number of the form ηp i , where η denotes an arbitrary root of unity and i ∈ {1, 2, 3, 4, 5}.
As before, if we assume that this case occurs for infinitely many primes, we get congruences modulo infinitely many primes between Q p (x) and x d − p id , where i ∈ {1, 2, 3, 4, 5} is fixed and d is a fixed divisor of ϕ(c) (here ϕ denotes Euler function), thus we conclude that these two polynomials have a common root. For a prime p verifying condition 2) this gives a contradiction.
Imprimitive irreducible case
Monomial Case
Consider first the monomial case: the image ofσ S,λ is a group G having as normal subgroup the image H of a one-dimensional representation, with quotient G/H := U a subgroup of S 4 . Observe that since the largest cicle in S 4 has order 4 and the projectivization of the image of the inertia subgroup I is cyclic of order at least ℓ − 1 (by lemma 4.2), if ℓ > 5 the quotient G/H gives an extension of Q with Galois group U unramified at ℓ, thus ramifying only at primes in N. Remark: In [D-V] a similar situation was solved: the case of monomial threedimensional Galois representations.
We divide in two cases: a) U contains odd permutations b) U ⊆ A 4 a) In this case, U has a quotient isomorphic to C 2 , an element of U corre-sponds to an odd permutation if and only if its image through this quotient is −1. This gives us a quadratic character ψ corresponding to a quadratic extension of Q unramified outside N, which is a quotient ofσ S,λ . An element g of the Galois group of Q has ψ(g) = −1 if and only if the matrixσ S,λ (g) becomes diagonal after an odd permutation of its columns. It is easy to see that all such matrices have a property that can be read in their characteristic polynomials P ol g (x) (as a polynomial with coefficients in F λ ): P ol g (x) has (at least) one pair of opposite roots α, −α. Taking g = Frob p, p ∤ Nℓ, we now translate this property in terms of the coefficients of P ol p (x):
(in general, for a polynomial x 4 + t 1 x 3 + t 2 x 2 + t 3 x+ t 4 , the property of having two opposite roots gives the relation: t 2 3 + t 4 t 2 1 = t 1 t 2 t 3 ). Thus, we have seen that if the image ofσ S,λ falls in case a), and ℓ > 5, there should exist a quadratic character ψ unramified outside N such that for every prime p ∤ Nℓ with ψ(p) = −1, the relation (*) is satisfied. Therefore, using the principle that an equality of two algebraic integers is equivalent to infinitely many congruences: A = B ⇐⇒ A ≡ B (mod λ), for infinitely many prime ideals λ we just have to impose the following condition to make sure that case a) can only occur for finitely many primes λ: b) In this case, we use the fact that A 4 has a normal subgroup T isomorphic to C 2 × C 2 with quotient A 4 /T ∼ = C 3 . Since U is a subgroup of A 4 , if we denote
We will assume that we are not in the case T ′ = U, because in this case the representation would either be reducible, or with image contained in GL(2, p t ) ≀ C 2 , a case that we will consider later. Thus, we have a C 3 extension which is a quotient of our representation: this gives us a cubic character φ corresponding to a cubic extension of Q unramified outside N. An element g of the Galois group of Q has φ(g) = 1 if and only if the matrixσ S,λ (g) becomes diagonal after a permutation P ∈ U of its columns such that the projectionP ∈ U/T ′ ∼ = C 3 is not the identity. It is easy to see that all such matrices have a property that can be read in their characteristic polynomials: they have three roots α, β, γ such that α + β + γ = 0. Taking g = Frob p, this condition translates into the following restriction for the coefficients of P ol p (x):
(in general, for a polynomial x 4 + t 1 x 3 + t 2 x 2 + t 3 x+ t 4 , the property of having three roots whose sum is 0 gives the relation: t 2 1 t 2 + t 4 = t 3 t 1 ). Thus, if the image of the residual mod λ representation falls in case b) and ℓ > 5, there is a cubic character φ unramified outside N such that for every prime p ∤ Nℓ with φ(p) = 1, the relation (**) holds. Obviously, the right condition that must be imposed to guarantee that this case can only occur for finitely many primes is the following: 
Observe that since the right hand side is a rational integer, it is enough for this to hold to have a 2 p b p ∈ R.
Case 2)b) in the classification
This case already appeared in the study of symplectic representations done in [D1] and [D2] , the required condition that the image of inertia must be not too small holds for every ℓ > 3 by lemma 4.2. Let us recall the result: if the image ofσ S,λ falls in this case and ℓ > 3, then there is a quadratic character µ unramified outside N such that for every prime p ∤ Nℓ with µ(p) = −1, it holds: a p ≡ 0 (mod λ).
Observe that the situation is similar to the case of "dihedral image" of twodimensional Galois representations, studied by Serre and Ribet. We impose the following condition to ensure that this case does not occur for infinitely many primes:
Condition 5): For every quadratic character µ unramified outside N there exists a prime p ∤ N with µ(p) = −1 and a p = 0.
Orthogonal and Symplectic groups
If the image is contained in an orthogonal or symplectic group (case 6 of the classification) we use the following common property of these groups: the roots of the characteristic polynomial of any matrix come in reciprocal pairs.
In particular, if we take P ol p (x) the characteristic polynomial ofσ S,λ (Frob p) for an unramified prime p, its roots will be α, β, c/α, c/β, with c = ±p 3 . This translates into the following condition on the coefficients of P ol p (x): for every p ∤ Nℓā p ≡ ±a p (mod λ). We impose the following condition to ensure that this case does not occur for infinitely many primes:
Observe that this is equivalent to impose that a 2 p ∈ R.
Case 4) in the classification
We apply the same technique used to treat the corresponding case for symplectic representations in [D1] . In this case, for any prime p ∤ Nℓ, there should exist a constant c ∈ F * ℓ 4 such that the reduction mod λ of the polynomial:
a priori with coefficients in F λ , has coefficients in F ℓ . This implies in particular that:
, we conclude first that c 2 ∈ F * ℓ , and then: a 2 p ∈ F ℓ . Thus, any prime ℓ falling in this case must verify:
Clearly, the following condition implies that this case can only occur for finitely many primes: Condition 7): There exists a prime p ∤ N such that b p = 0 and a 2 p generates Q(ζ).
Exceptional cases
The case of "exceptional groups", i.e., those listed as cases 5) and 7) in the classification, can be discarded, for ℓ sufficiently large, just observing that thanks to lemma 4.2 we know that the projective image of inertia gives a subgroup of the image of order at least ℓ − 1 (see [D-V] and [D1] for a similar argument). Computing the maximal order of an element in each of the (projectivizations of the) exceptional groups, we easily see that for ℓ > 11 these cases can not occur.
Unitariness
Recall that we are considering representations which are pure (i.e., all roots of every characteristic polynomial of Frobenius have the same absolute value). This already reflected in the coefficients of the characteristic polynomial, and it also implies that for primes λ inert in Q(ζ) the image of the representation is contained in the unitary group GU(4, Z ℓ ). Thus, considering residual representations, it is clear that their images, for every prime inert in Q(ζ), are contained in GU(4, ℓ).
Conclusion
Using the classification given in section 3, we conclude that any compatible family of representations of G Q with the properties described in section 2 (geometric, pure, with Hodge-Tate weights {0, 1, 2, 3}, coefficients in Q(ζ), quadratic coefficients in Z and determinant χ 6 ) will have residual image "as large as possible" for almost every prime, i.e., a general linear group or a unitary group depending on the decomposition type of the prime in Q(ζ), as long as conditions 1) to 7) are satisfied. Using a lemma of Serre (cf. [S] , [S2] ), this also gives "maximality" of the image of the λ-adic representations for these primes. For simplicity, we state the result in terms of the images of the projectivizations P (σ λ ).
Theorem 5.1 Let {σ λ } be a compatible family of geometric pure 4-dimensional Galois representations as those described in section 2, with coefficients in Q(ζ). Then, if the explicit conditions 1), 2) ,...7) given in this section are satisfied, the image of σ λ is "as large as possible" for almost every prime, i.e., the image of its projectivization P (σ λ ) satisfies:
if ℓ splits in Q(ζ), and
Remark: In the above result, in the case of splitting primes, let us give the exact value of the image of the projective residual representation P (σ λ ) according to the restriction imposed by det(σ λ ) = χ 6 , a square in F ℓ . This depends on the value of ℓ modulo 4 (because this determines whether or not the order of F * ℓ is divisible by 4), so we easily see that for split primes with image "as large as possible" we have:
Image(P (σ λ )) = PSL(4, F ℓ ) if ℓ ≡ 3 (mod 4), and
6 Explicit determination of the finite exceptional set
Assuming that the value c of the conductor of a geometric family is known, the discussion of the previous section not only gives a set of conditions guaranteeing generically large image, but also an algorithm to explicitly bound the finite set of exceptional primes (for a family verifying the 7 conditions).
Let us write this algorithm, which is just a recollection of the results obtained in the different subsections of section 5. From now on we assume that ℓ ∤ N, ℓ > 11. At each step, only finitely many exceptional primes are detected: this follows from the analysis done in the previous section, under the assumption that the family of representations verify all conditions 1) to 7).
•
Step 1) Take a few primes {p r } with P ol pr (x) as in condition 1). For each of them compute the resultant R r,i of the pair of polynomials:
with i = 0, 1, 2 and d equal to the order of p r in (Z/cZ) * . If ℓ does not divide the resultants R r,0 , R r,1 and R r,2 for one of these primes p r (and ℓ = p r ) then ℓ is not exceptional for step 1).
Step 2) Take a few primes {q r } with Q qr (x) as in condition 2). For each of them compute the resultant R r,i of the pair of polynomials:
with i = 1, 2, 3, 4, 5 and d equal to the order of q r in (Z/cZ) * . If ℓ does not divide the resultants R r,1 , R r,2 , ...R r,5 for one of these primes q r (and ℓ = q r ) then ℓ is not exceptional for step 2).
• Step 3) For every quadratic character ψ unramified outside N take a few primes {p r } such that ψ(p r ) = −1 for all of them and they also satisfy the rest of condition 3). Then, if for some of these p r , the prime ℓ does not divide: p 3 r (a 2 pr +ā 2 pr ) − a prāpr b pr and ℓ = p r , the prime ℓ is not exceptional "with respect to ψ" for step 3). Repeating the process for the finitely many possible ψ, we compute all exceptional primes for step 3).
• Step 4) For every cubic character φ unramified outside N take a few primes {p r } such that φ(p r ) = 1 for all of them and they also satisfy the rest of condition 4). Then, if for some of these p r , the prime ℓ does not divide: a 2 pr b pr + p 6 r −ā pr a pr and ℓ = p r , the prime ℓ is not exceptional "with respect to φ" for step 4). Repeating the process for the finitely many possible φ, we compute all exceptional primes for step 4).
• Step 5) For every quadratic character ψ unramified outside N take a few primes {p r } such that ψ(p r ) = −1 for all of them and they also satisfy the rest of condition 5) (i.e., p r ∤ N and a pr = 0). Then, if for some of these p r , the prime ℓ does not divide a pr and ℓ = p r , the prime ℓ is not exceptional "with respect to ψ" for step 5). Repeating the process for the finitely many possible ψ, we compute all exceptional primes for step 5).
Step 6) Take a few primes {p r } with a pr as in condition 6), i.e., p r ∤ N, a 2 pr ∈ R. Then, if for some of these p r , the prime ℓ does not divide a 2 pr −ā 2 pr and ℓ = p r , the prime ℓ is not exceptional for step 6).
Step 7) Take a few primes {p r } verifying condition 7). Then, if for some of these p r the prime ℓ verifies: ℓ ∤ b pr , a 2 pr ∈ F ℓ and ℓ = p r , the prime ℓ is not exceptional for step 7).
Thus, we bound the set of exceptional primes with the finite set of primes which are exceptional at some step of the algorithm, or divide N, or are smaller than 13.
Remark: One can expect that by sufficiently enlarging the set of "auxiliary primes" {p r } at each step, one can get a bounding set which contains only the true exceptional primes, and the primes dividing N or smaller than 13. The problem is that the size of such a "sufficiently large" auxiliary set may be (according to the existing effective versions of Cebotarev density theorem) too large to be suitable for computations.
Explicit computations on the example
We will now apply the former results to the non-selfdual 4-dimensional ℓ-adic Galois representation given by Scholten (see [Sc] ): we check that the image is "as large as possible" for almost every prime, but since the value of the conductor of the family is unknown, we can not give a finite bound for the set of exceptional primes. Instead, we can bound the set of exceptional primes by a small density set of primes by a method already applied in [D-V] .
The example
First, we summarize the construction of a compatible family of geometric four dimensional λ-adic Galois representation given by Scholten (see [Sc] ). This family belongs to the class of families discussed in section 2 (in fact, it inspired the definitions therein). The example is constructed using a subspace of H 3 et (S Q , Q ℓ ), where S is a threefold obtained from a base change fibre product of two explicitly given elliptic surfaces. Let X and X ′ be the elliptic surfaces given by the Weierstrass equations:
Let E and E ′ be the Kodaira-Néron models of the cubic base change of the elliptic surfaces X → P 1 t and X ′ → P 1 t over the Galois cover ϕ :
The Galois group of ϕ has order 3 and it is generated by φ : s → (s − 1)/s. Let S denote the blowup at the singular points on E × P 1 E ′ . From the construction, the threefold S has bad reduction at the primes dividing N = 6 and φ induces an automorphism on S defined over Q. Let ζ denote a fixed primitive third root of unity. The automorphism φ induces a G Q -invariant linear automorphism on the ℓ-adic cohomology, also denoted by φ. Since φ has order 3, the ℓ-adic G Q -module H 3 (S) ℓ := H
Determination of the images of σ S,λ
Using the 8 characteristic polynomials listed above it is easy to check that the family of Galois representations σ S,λ satisfies the conditions of theorem 5.1. One easily checks that the characteristic polynomial at 5 satisfies conditions 1) and 2) (all roots and products of two roots of this characteristic polynomial generate non-abelian extensions of Q). We consider all quadratic fields unramified outside 6 and we check that conditions 3) and 5) are satisfied for some prime p inert in each of them. The same also holds for cubic characters and condition 4). Conditions 6) and 7) are easily checked . Thus, we conclude:
The images of the 4-dimensional Galois representations σ S,λ are "as large as possible" for almost every prime, i.e., for almost every prime λ:
if ℓ splits in Q(ζ) (ℓ ≡ 1 (mod 3)), and Image(P (σ S,λ )) = PSU(4, Z ℓ ) if ℓ is inert in Q(ζ) (ℓ ≡ 2 (mod 3)).
We can not bound the set of exceptional primes with an explicit finite set (using the algorithm in section 6) because the value of the conductor of the family is unknown. In order to obtain a partial similar result, we will proceed as in [D-V] and take a fake value for this conductor: c = 27 · 64.
Recall that the value of c is only needed in order to deal with the reducible cases in steps 1) and 2) of the algorithm (section 6), and as a matter of fact (see section 5.1) it is only needed in order to bound the conductors of the Dirichlet characters appearing in the residually reducible cases, which are all characters unramified outside 6 and valued in F * λ . Therefore, what we really need is a bound for the conductors of these Dirichlet characters, and using the fact that they take values in F * λ we can bound these conductors after excluding a suitable set of primes (the density of this set tends to 0 when the value for the fake conductor tends to infinity): this follows easily from the fact that F * λ is cyclic and has order ℓ − 1 if ℓ is split in Q(ζ) and ℓ 2 − 1 otherwise. In particular, we easily check that the conductors of the Dirichlet characters are bounded by 27 · 64 if we exclude those primes in the following sets: 1) Splitting primes, ℓ ≡ 1 (mod 3): D 1 := {ℓ : ℓ ≡ 1 (mod 27)} ∪ {ℓ : ℓ ≡ 1 (mod 32)} 2) Inert primes, ℓ ≡ 2 (mod 3) : D 2 := {ℓ : ℓ ≡ −1 (mod 27)} ∪ {ℓ : ℓ ≡ ±1 (mod 16)} Thus, from now on we only consider primes λ such that ℓ is not in D 1 ∪ D 2 , and this implies that we can apply the algorithm in section 6 taking c = 27·64.
Remark: In terms of Dirichlet density, we are excluding 1/6 of the splitting primes and 1/3 of the inert primes.
We executed the algorithm in Pari GP, using only the 8 characteristic polynomials listed in the previous subsection, and we found no exceptional prime greater than 11. If we consider the projectivizations of the residual representations, for those primes λ where the image is "as large as possible" (and, for the case of splitting primes, we also impose ℓ ≡ 3 (mod 4), according to the remark after theorem 5.1), we obtain as a corollary two families of classical groups over finite fields realized as Galois groups over Q . These groups were not previously known to be Galois groups over Q (cf. [M-M] , [V] ). 
